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Abstract

Measles disease is one of the biggest communicable diseases and is still responsible for 2.598
million deaths every year. In this regard, our research focuses on measles disease transmission
dynamics and the impact of indirect contact rates on the environment. In this paper, we propose a
nonlinear mathematical model for measles disease and analyze a deterministic epidemiological
measles model for control of the disease using vaccination. Here we executed the equilibrium
points of the model, and we got two equilibrium points, namely, a disease-free equilibrium point
(DEFP) and a unique endemic equilibrium point (EEP), and we also analyzed the local stability of
DFEP and EEP by center manifold theory. Here we have also shown the global stability of DFEP
and EEP by theCastillo-Chavez criterion and Lasalle invariant principle, respectively. In this study,
we executed the basic reproduction number. if the basic reproduction number is less than unity
otherwise the system shows a significant outbreak. Numerical illustrations demonstrate that if the
rate of environmental contamination increased, then the number of infected people also increased.
But if the environment is disinfected by sanitization then the number of infected people cannot
drastically increase.

1 Introduction

Since the day of creation, humans have been in danger due to different types of epidemic
outbreaks. Measles, a highly contagious respiratory illness caused by the rubeola virus, continues
to threaten global public health despite the availability of a safe and effective vaccine. The disease
is easily spread through the air when an infected person sneezes, coughs, and talks, and can remain
in the air for up to two hours [1]. It is a virus of paramyxovirus family, genus morbilivirus, which
is found only in the human body among all animal species. Measles is spread easily from person
to person, and an individual can contract the virus by breathing in air contaminated with the virus
or by touching a surface contaminated with the virus and then touching their mouth, nose or eyes
[2]. The symptoms of an individual caused by a virus are such as fever and cough runny nose and
red and watery eyes that usually appear that usually develop 10-12 days after exposure to an
infectious person. In severe cases, it can lead to complications such as pneumonia, encephalitis,
and deafness. This disease is more dangerous for children under five years of age and adults older
than 20 years of age. There is no specific treatment for measles inspite of availability of a safe and
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cost-effective vaccine Today, measles is a common and fatal disease in the world. It spreads
person to person at a high rate of over 90% among vulnerable people, such as young children,
pregnant women, and those with weak immune systems due to the mode of transmission and
infectious properties. Some vaccines, including two doses of MMR (measles, mumps, and
rubella), are nearly 100% effective at preventing measles and will protect 99% of people from
measles. This means that a person must get both doses in order to receive the full benefits of the
vaccine. But once a person recovers, they will not be able to get measles again. The measles
vaccine is safe, effective, and expensive.

Mathematical modelling has played an important role in understanding how to predict the
spread of measles. In [3], a mathematical model was presented using the real incidence data from
pakistan. The study found stability conditions(depending on Rg) proposed a strategy to control
spread, calculated the sensitivity of Ry, and suggested ways to improve vaccine efficacy and
coverage. The authors of [4] studied a modified SVEIR measle model to control measle outbreak
in Bangladesh with double dose vaccination. They found that two equilibria exist: disease-free and
endemic, and the latter persists if Ro remains above one. A mathematical model to examine the
impact of preventive measures on the control of measles is studied in [5] and they have shown that
the disease free state is globally stable if the reproduction number Ry < 1, meaning the measles will
die out eventually. However when Ry >1, the disease will spread. Bai and Liu [6] studied a discrete
time measles model with a periodic transmission rate by using the basic reproduction number as
the threshold for disease persistence. Xue et al. [7] used the model to investigate the periodic
outbreak in mainland china, they recommended enhancing vaccination and implementing an
optimal control system to minimize infections. The authors of [8] analyzed the seasonal spread of
measles in china using a mathematical model, that was used to analyze the dynamics of the disease
depending on Ry, and to simulate the monthly data of reported cases of measles in china. [9]
carried out a study on predicting and preventing of measles disease epidemics in New Zealand. In
their work they used a deterministic SIR model to model the dynamics of measles disease under
varying immunization strategies in a population with size and age structure.

In this paper, in section 2, we proposed a deterministic mathematical model. In section 3, we
have done positivity and boundedness of the model system.In section 4, executed equilibrium
points. In section 5, we have done, existence and uniqueness of solution of the system. Also basic
reproduction number of the system is executed in this section. In section 6, local stability of
disease free equilibrium point is analyzed along with existence of endemic equilibrium point and
local stability of endemic equilibrium point are done. Persistence of the system is also verified in
this section. Here we analyzed global stability of disease free equilibrium point.In section 7, we
have also shown the global stability of endemic equilibrium point. In addition, in section 8,
numerical simulations are done and in the

2  Mathematical Model Formulation

In this section, we proposed a deterministic model clarified by contaminated environment to
investigate measles transmission dynamics. The total human individuals at t represented by N(t) is
classified into four subpopulation, Susceptible S(t), Vaccinated V(t), Infected I(t), Recovered R(t)
i.e N()=S(t)+V(t)+I(t)+R(t). To show that measles can be minimized by maintaining the
contaminated environment, we incorporate another important subclass of contaminated
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environment C(t), To better understand, the transmission dynamics of measles virus, some
investigation are focused on the contaminated environment, C(t). Daily recruitment into the
susceptible class is at a rate A. Individual in the susceptible class receive a vaccination at a rate y
and lose immunity at rate «. The transmission rate of susceptible individuals is 4, and the force of
infection term is SSI. The interaction rate at which susceptible population with contaminated
environment is . Natural mortality rate of all subpopulation is d.  is the rate at which vaccinated
population becomes infected. # is the mortality rate caused by measles. The rate at which infected
population become recovered is w. u is the mortality rate of infected population caused by
measles. # is the rate at which vaccinated individual becomes recovered. «l is the infected
individual that makes environment contaminated at rate « and J.is the rate at which contaminated
environment become uninfected.

S - Susceptible, V - Vaccinated, | - Symptomatic Infected, R - Recovered, C - environmental
contamination é.= while the removal of infection from the market is given by

% = A—BSI—£CS +aV — (v +6)S.
Cfi—lj = S —78IV — (a+n+4)V,
% = BSI+ECS+TBIV — (w+pu+8)I,
% — w4V - 4R,
% = rl—6.C, 1)
with non negative initial value
S(to) = So>0,V(to) = Vo> 0,I(to) = lo> 0,R(to) = Ro> 0,C(to) = Co> 0, ()

Infectious individuals in the | classes contaminate the environment with measles at the rates «.
The virus is cleared from the contaminated environment at the rate J.

Figure 1: Schematic diagram of the mathematical model for the transmission dynamics of the
Measles Infection.
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3 Mathematical analysis

3.1 Feasibility of the model
Theorem 1. The system (1) is invariant ink?

Proof. From our system (1) we observe that

ds dV dl

EL‘;:() = A+aV >0, E‘V:ﬂ =5 =0, E‘I:(] =£(C5 >0
dR dC

— | g= wl V>0 —|lceo=rl>0

i |r=0 wi+nv =10, di lo=0 =Kl > ,

HenceR is an invariant set.

3.2 Positivity
Theorem 2. If the solutions of (1) with initial values (2) satisfying S(t) >0,V(t) >0,I(t) >0,R(t)
>0,C(t) >0 for all t >0.Then the system (1) is positively invariant and attracting inR?,
Proof. First equation of system (1) we can be written as
5 _ A —BST —£CS +aV — (v + )8,
> —BSI—£CS —~S 48,

dt

Thereafter by integration, we obtain the following equation

S(t) > S(to) exp|— /UL(;B‘I +EC + v+ 6)ds]

Which is positive as S(tp) > 0 for t >0.
Further from the second equation of the system (1) we can get

% S —1BIV —aV —nV — 4V,
> V(I +a+n+9).

Which leads to

t
V() > V(to) exp|— f (78I + o + 1 + 6)ds]
0 .

Which implies that V (to) > 0 for t >0.
In similar way from third equation of system (1) we get

‘;_f BST+€CS +7BIV — (w+ p+ 8)1,

> (wHp+d)I.
So,

I0) > 1(t0) expl [ (it d)as]
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Therefore I(t) >0 as I(to) > 0 for t >0.
From fourth equation of system (1)

= wl+nV —-04R,
> 4R

dt

Which leads to R(t) >0 as R(tp) > 0 for t >0. Again similarly
9 wr-sc
dt - K c~'y
2 _5(:0-

C(t) = C(to) exp[— ; (0c)ds]

Therefore C(t) >0 as C(tp) > 0 for t >0. Thus all the solutions of system
(1) remain non-negative for all finite time, that is, for all t >0 Hence proof.

3.3 Boundedness

In this subsection we study the boundedness of the system (1) as none of the population can not
grow unboundedly. To do this we state the theorem that assured that the solutions of system (1) is
bounded if we start with non-negative initial conditions.

Theorem 3. All the solutions of (1) with non-negative initial values (2) that starts ink? are
uniformly bounded in the ®, where © is defined in the proof.

Proof. Here we shall show that all the feasible solutions are uniformly bounded in ®. From the
positivity of solutions, it is clear that

ds )
L - 5)S.
T (v+46)

Which implies that

A
limsup S(t) < -
!—>:>op ® < v +9,

Adding the first four equation (N=S +V + | + R) yields

AN < A —G6N.
di

So

limsup N(t) <

t—+00

il =

Now from last equation,
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AK

< AK o

< = 5.C

This implies that

AK
_— < ==
h}iii}pc(t) - 84,

So we get positively invariant set

e_{(S‘V‘LR'C)GRi:Sé%.S+V+I+R§%. AK}

<
C< %

Therefore the solutions in®? will enter and remain in the region © for all finite time. Thus the
dynamics of system (1) can be considered in ®.Hence the system is well-posed and biologically
realistic. O

4 Equilibrium point

There are two types of equilibria of the system (1), namely
(a) The disease free equilibria Eo(So,Vo0,0,R0,0), where
A

S n ayA
CT 548 (v +0)(ad+ iy + 0+ 6 + 62
Vo = A
0= ad + ny +nd + o + 62
nyA
R, = m

d(ad + vy + nd + 8 + 62)

(b) The interior equilibrium point E*= (S*,V*,1*,R*,C*)

4.1 Existence and Uniqueness of solution
The general first-order ODE is in the form:

X = f(t,X),X(to) = Xo

One will be interested in asking the question that under what condition there exist an unique
solution. To answer these, let
fi = A—BSI-ECS+aV—(y+9)S,

fo = yS—plV—(a+n+09)V,

fs = BSI+ECS+ hIV — (w + W+ I, 3)
f4 = wlt 77V_ 5R,

f5 = KI_ 50C,
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afi . _ .

we show that: f_fj hJ = 12345 are continuous and bounded i.e the partial derivatives are
continuous and bounded.

Therefore
afr
as
afr
R
af
oI
Jafs
oV
Ofs ]
OB = st <o |t =0l < o0
s ‘dﬁx‘ _
oR
dfs
ol

= |- 8160y~ 8 < oo, [I] < ja] <o0, |H| = |- 85 < o0

()f1|_‘7 ‘—:’v<oo, df?

= 0] <o €8] < oo |_|—,[)’I|<oo

df@’_l

0] < oo BI + £C| < oo

— |—78V| < ’ ’—|o\< |df2|—
= |8l < df3|_|es+rsv (w+ p+ 6)| < o0, |af=‘|_

of, o1,
ov al
dfs ‘ dfs
o5 Vv

0] < oo

= [n < o0 = |w| < o0,

f4‘7

0] < o0

= 0] < oo

df 5
acC

= |0] < oo

=|—d.] < o0.

‘:\O|<oo

=|@ |

We have established that all these partial derivative are continuous and bounded. Hence we can
say that there exist a unique solution.

5 Basic reproductive number of the model

The Basic reproductive number (Ro) is the average number of secondary infections caused by a
single infectious individual during their entire infectious lifetime. This number is dimensionless
and calculated at the DFE by the next generation matrix method. In the present work, We derived
the threshold quantity known as reproductive number which is denoted by (Ro). For this we
assemble the compartments which are infected from system (1), and decomposing the right hand
side as -, where transmission part, expressing the production of new infection, and the transition
part, describe the change in state. It can be represented by the spectral radius of the largest
magnitude of the next generation matrix. According to the system in model (1) there are two
infectious compartments with (2 x 2) matrices.

dI

E = }3S[+EC"S‘+T}€IV7 (LU+[‘!+(S)I: fl —
dC

E - H-I — 6(0 = .f2 — Us.

where
flzﬁSI'F ECS+ TIBIV, V1= (a) + H+5)|, f,=0, vo=

Our system (1) defined as follows
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( BSI+ECS + 7RIV
F = 0

Now F and V can be written as

_( BS+TBV &S [ wH+p+d 0
F( 0 0 ) V( —K —4,

8.(BS+TBV)+ERS  —£S
FV—1 = Bolwtputo) 5. '
0 0

Thus the mathematical definition of Basic reproductive number is the

largest eigen value of the next generation matrix FV

-1y _ o _ 0c(BS +TBV) 4 EkS
AFVT)=R= de(w+p+9)

R 0c(BSo + 78Vo) + kS0 _ Alad +ny +nd + 70 +ay + 82)(Ek + B8e) + TByAS(y + 6)
0 Se(w + p +6) o de(v + 0)(ad + 1y + 16 + 70 + 62) (w + p + d)

6 Stability analysis of the model equilibria

6.1 Local stability of disease free equilibrium point

Theorem 4. The disease free equilibrium point E(Sp,Vo,0,R0,0) of system (1) is locally
asymptotically stable if Ry <1 and unstable if Ry >1.

Proof. To determine the local stability of Ey, we compute the Jacobian matrix of the system (1)
around Eo.

The characteristic equation of Jacobian matrix at Eg is det(Jgo — A/5) = 0.
A+to)(A+ty+o)A+n+o+a){(BSo+6Vo—w— W —0—A)(—0c—A) — xS} =0

From the above expression three eigen values are -9, -y —d, -a—n—0 and other two eigen values can

be expressed in the for as follows:
§rSo
(BSo + 78V —w — i — 0 — N)(—0. — A)
By resetting the above equation, we have
ErSo
B() = (BSo+78Vo—w—p—30—A)(=8.—A)
= Ri(N)

1

Let us consider A = x + iywith Re(1) > 0, we have

ERSy
< < )< R
] = 1(BSo + 78V —w —pt—0 — N|[(=0. — N)| = (@) = 1 (0)
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From the above expression, we can write that R1(0) = B(0) = Ro <1, which leads to the form |Ry(1)|
< 1. Therefore for the basic reproduction number Ry <1, all the eigen values corresponding to the
characteristic equation B(1) = 1 are all real and no imaginary roots. Thus for Ry <1, all eigen
values have negative real parts and so the disease-free equilibrium point is locally asymptotically
stable. Now we consider the case when basic reproduction number Ry >1, that is, B(0) >1, which
indicates the fact that

limB(2) = 0.

A—0

Then there exist atleast one eigen value 4:>0 in such a way that B(4s) = 1. This implies that there
exist atleast one nonnegative eigen value 1:>0 for the variational matrix Jeo. Thus the disease-free
equilibrium point is unstable for

Ro>1. ]

6.2 Existence of Endemic equilibrium point

The endemic equilibrium point (EEP) is evaluated by considering all the state variables must not
be zero at the equilibrium state which means EEP E*= (S*V*I*,R*,C*) and equating all the
equations of the model to be zero. Thus the Endemic Equilibrium Point E*as follows:

- AM, Ve = ~A . wI” nyA . KIT
MM, —ay’ MMy —ay’ T 6 S(Mi My — any)’ b,
where I*is the positive root of the equation
Al + Bl*+ D =0,
where
A = p5% ; &Ky
36, + tr TBA B6. + €k
B = Na+n+0)+ T8y +6) - =— Lo
( 3. Ja+n+06)+75(y+46) S wtpto
D = {(a+n+0)(v+9) —arvH{l - Ro}
So we get a positive root of I*if D <0 which means Ry >1 where
A i ; '
So = 5 M= TBI* +a+n+ 8, My=pI* + 56—“1* + v+ 4,
! -

MM —ay >0, (a+n+d)(y+6)—ay>0.
Theorem 5. The endemic equilibrium E*of the system (1) is locally asymptotically stable if Ry >1.

Proof. Introducing x; = S(t),x2 = V (t),x3 = I(t),xa = R(t),xs = C(t) the system (1)
becomes
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dx

d_rl = A—Brizs —Ersry +axs — (Y+0)r =q1

dx

Tf = a1 — TBr3me — (@ + 0+ 6)T2 = @2

d.T,‘_g P

o Briws + Exsey + Tr3rs — (W + p+0)xs = g3
dx

% = w3+ nre — 0Ty =qu

d;l,“rg

dt = RKRI3 — 5(;.’1’,'5 = (5

with Ro =1 and choosing the bifurcation parameter  the Jacobian matrix
de(wtptd)—EnS°

around DFEP Ey at the threshold point-‘g =B8" = =5 vty s given by

Ty =0 o —Bxx1 0 —-&10

Hy —a—n=0 —Tf* %2 X1+ 0 o
JEO=11 0 O B w—p-s o5 oal
0 8 w g U0

0 K 00nq
0 —0¢

Now we shall find right eigen vector and left eigen vector corresponding to zero eigen value,
The right eigen vector is

W = (Wi, Wa, Wa, Wy, W5)T
( (a + n + 5)(&(5 — w5n) + 7#53726(: 5 K — wgr: ! 7(5&' : 1, 71)7“
" Ky K "
and the left eigen vector is
Vo= (Vi Va, Vs, Vi, V5)T
" §xy
= ]. A R
(’(,}'Jrr,t+5' o ‘5(=)

Hence we have

=S iy L b S g L g
a= > wwiwin B b= ) wuwig 55E
ki j=1 B kyi=1 "

whose sign determined the local stability criteria of the Endemic equilibrium point E*. Substituting
the values of all second order partial derivative measured at DFE is given by a = fwiwsvy
—EWiWsV1 —TBvaWawWs <0 and b = —WsX; —Wazx, >0 provided kd<wd.ands < Bele s d)

So a transcritical bifurcation occurs at Rp = 1.

Hence EEP is locally asymptotically stable if Ro>1. O

7  Persistence

We proved that while basic reproductive number Ry <1, then the measles disease dies out
irrespective of the initial size of the epidemic. If Ry >1, the disease-free equilibrium Ey become
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unstable. Usually it is considered that the infected individuals 1(t),C(t) will remain persistent for
this event. Now, we prove the following theorem to verify the persistence of the measles disease.

Theorem 6. For Ry >1, the infection will be uniformly persistence which means that there exist an
p >0 in such away that for non-negative solutions of (1), satisfies the following liminfl(t) > p,
liminfC(t) > p. Furthermore, there exist an interior steady state in this case.

Proof. To prove the disease persistence we apply the theorem by H.R.Thieme. In order to prove
this, we consider that

G = (SVIRC).G =(,C),

B =  {GeRL:G;>0i=12345whereGiis the i-th component
ofG}

Bo = {G €B:Gi>0,i=35}

D = BIBo={G €B :G;= Ofori = 3,5}

Now we want to show that the system (1) is uniformly persistent with respect to (Bo,D). Since
D contain an unique equilibrium Eq, it is sufficient to show that W(Eq)'Bo = @ where W*(Ey)
denotes the stable manifold of the disease free equilibrium E,.
Suppose this is not true. Then there is a solution (S(t),V(t),I(t),R(t),C(t)) €Bo
the system (1), such that
lim (S(t),V(1),1(t),R(t),C(t)) — (So,V0,0,R0,0)

t—o0

From the system (1) we have,

di/dt \ [ BSI+7BIV +£CS —(w+p+d) 0 1
acldt ) = 0 + K 5. )\ ¢

BSy+ 718V — (w+p+38) £Sp 1 _ =
L (e ) (1) 2o
So,

T — ( BSo+7Vo — (w+p+4d) &S )
“Eo = K —

Note that Jeois equal to F =V, has atleast one eigen value with positive real part when Ro>1.
So there exist solutions for the linear system % = Je.Gthat can proliferate exponentially. Due to
comparison argument solution of G never be bounded for t — o which provides a contradiction to

the reality that the solutions of (1) are uniformly bounded. Thus we have W*(Eq) 'Bo = @. Thus we
can conclude that the model (1) is uniformly persistent. O

8 Sensitivity analysis

Sensitivity analysis is a tool to determine how different values of an independent variable affect a
particular dependent variable under a given set of assumptions. Sensitivity analysis is defined as
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follows: Let U be a variable that depends on a parameter p, then the normalized sensitivity index

of variable U with respect to the parameter p is given by the following equation:
U ou P

" R (4)
Now from our model the Basic reproductive number is as follows:
3c(B8So + 78Vh) + EKSy
R{) == =
de(w + e+ 0) (5)

and the local sensitivity analysis of Ry with respect to each parameter is
calculated as follows:

Sensitivity index of g is as follows:
R, _ OB B
Y5' = 95 * T (6)
_ 0c(BS0 + T6V)) -0
6(:(.850 + TB‘/O) + ff"'-S(J (7)
Similarly sensitivity index of Jcis as follows:
o R O
Po-{‘ - a(s(: % RU
£KSo

= —— <0
8e(BSo + 78Vy) + ExSp

Similarly we can show that the sensitivity index of &x,z>0 and sensitivity index of J,u,®,d.<0.
Also it is to be observed that Ry is independent of the system parameter #, that is sensitivity index
of n = 0.

So, we can conclude that 5, z,xkhave a positive sensitivity indices. Thus they have a great effect
on the transmission dynamics and prevalence of measles. Here increment of f,¢ x,will increase
the value of the basic reproduction number Ry. The increase of J,u,®,d:will cause the decrease of
Ro.Therefore they have a high influence on controlling and preventing transmission dynamics.

9 Global stability analysis

9.1 Global stability of DFE point

To justify the DFE point is globally asymptotically stable, we apply the castillochavez criterion.
Based on the theorem, to investigate the global stability of DFEP we rewrite the model in equation
(1) as follows:

dx
- = F(X. 2)
% = G(X, 2),G(X, 0)=0

where X = (S, V, R) €R®represent the number of uninfected population while Z = (I, C) €R?
represent the number of infected population. For the disease free equilibrium point to be globally
stable it should meet the following two axiom:

dX

1.

*’O) where X*is globally asymptotically stable.
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% BG(X*, 0)Z —G(X, 2),G(X, Z) > W(X, Z) e

At 0z

Theorem 7. The equilibrium point E; = (S1,V1,0,R1,0) of the system in equation (1) is globally
asymptotically stable if it satisfies the three conditions of Castillo-Chavez criterion.

Proof. To prove the equilibrium point E; = (S;,V1,0,R1,0) is globally asymptotically stable, first of
all we should identify F(X, Z) and G(X, Z). From our model
F(X,Z)=A+aV—(y+0)S—0R
yS— (o + 17 + 0)VnV—0R
G(X, Z) = BSI + ECS+ IV — (o + Y + )]
xl— o0.C

The first condition is already proved. Now

X = A 4 ayA ~A nyA
Sy 46 (v o) (ad+ny+nS + 48+ 827 ad +ny + 08 + 40 + 627 S(ad + ny +nd + 3 + 62)

)

_is satisfying the second condition of Castillo-Chavez criterion for the reduced system
4 = F(X"0). From the first equation in system (1), we have the following equation:

% =A+aV —(y+4)S
Integrating both sides

B exp~ (Ve A 4V

S = +
—(y+4) T+, (8)
Sinceast —
—(~ . A+ aV

ey~ (O () ; -3

exp — OandS — o -51. )
From the second equation in system (1), we have the following equation:

dV )

Integrating both sides using the method of separable variable,
.\ —(a+n+8)(t+c)
v P 1+0 i* N vS i
—(o+n+4) (@ +n+4) (11)

Since t — oo,

(a+n+6)(t+c) _05

exp — QandV — !
P (a+n+0)

From the third equation, we have,
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S U

— =nV —4R. (12)

dt
Integrating both sides using the method of separation of variables,

expOU+e) v
—= t5. (13)

Since t — oo,

exp 00t 5 OandR — % =R,

Using the same fashion we can show that | - 0=1;, ,C— 0=C;.
Thus the second condition of Castillo-Chavez criterion holds true. Lastly we must show the
third criterion as follows: i.e
G

B_Z(X*’O) is an M-matrix and Gyp(X,2) >0 V (X,2) € Q.
Now
(‘)G G 9G )
- (X7,0) = G2  9G2
204 & ) aa
So
G v o [ BSHTAV —(wHp+d) &S
A ( K 0 ) (15)

Since the non-diagonal entries of 2%, (X*,0) are non-negative. Thus %<, (X*,0) is an M-matrix.

From
dz  0G, ., ~
o O_Z(X ,0) — G(X~Z)_
We have obtained the following equation:

G(X, 7) = ( B(S1 = S) + 7BV = V) &S - 5) )

0 0 (16)

Since, S;> S and V;> Vit is clear that Gy(X, Z) > 0 for all (X, Z) € Q.
Therefore the DFEP is globally asymptotically stable. O

9.2 Global stability o Endemic Equilibrium point
Theorem 8. The Endemic Equilibrium point is globally asymptotically stable.

Proof. To prove global stability of EE point we use Lyapunov function as follows:
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o(E*) = (S — ln;) + (V - lnﬁ) + (I — lnF) + (R — lnR—;) + (C — lna)
do _ dpdS [dpdV  dpdl | dpdR | d dC
dt dS dt  dV dt dl dt  dR dt  dC dt

- (CR)E P F - DE R E - D)E

After simplification and calculation we get

dy
Y =U-V
dt ’
where
U = A+rI+BS*T+ECS*+~4S5*+058* +18IV*
+aV* - nV* 4+ 6V* wI* + pl* +6I° + SR* +6.C*
VvV = 68+6V+,u[+6[+6R+6CC+%A+%av
V* ) I* R* R* *
S+ BSI* +7BVI* + —£CS + —wl + — oI
+VWS+JJS +7AVI* + Jr5(’5’—!— 7Y + R?;V—l— o
Hence if
dyp

U-V<0,thend ="
Whenever S=S*,V=V* 1=1*R=R*, C=C*
de
a ",
Thus by Lasalle invariant principle E*is globally asymptotically stable if
Uu-v=<o O

10 Numerical simulation and Discussion
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600 |
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Figure 2: Graphical representation of total population when Ry <1
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In this section, numerical simulations are done by studying and interpreting the effects of some of
the biological parameters by considering different values. In figure 2, we have plotted the graph of
all sub-population when basic reproduction number RO <1, where we observe that infected and
recovered population increases but infected population become stable after a short period of time
but recovered population increases. In fig 3, we have shown the graphical representation of all
sub-population when basic reproduction number RO >1. In this case infected population increases
rapidly. Recovered and contaminated environment also increases but rate of increase is lower than
infected population and after some time they become stable., but susceptible and vaccinated
population goes to extinction. In figure 4 and figure 5 we have plotted graphically dynamics of
susceptible and vaccinated population for different values of £. Here we observe that whep
increases then susceptible and vaccinated population decreases. In figure 6, we have plotted a
graph that is showing when p increases then infected population increases and after going to its
peak, start decreasing and become stable. In figure 7, we observe that, rate of increase of infected
population is higher with contaminated environment than without Table 1: The parameter values
utilized in the numerical simulations for system

1)
Parameters Biological definition value (mil- Source
lion/year)

A Rate of recruitment of the susceptible 20 Estimated
population

0 Disease transmission rate 0.004 Estimated

¢ Interaction rate of Susceptible population 0.01 Estimated
with contaminated environment

o Vaccine waning rate 0.16 Estimated

0 Natural death rate 0.0875 Estimated
Mortality rate of Susceptible population 0.06 Estimated
due to measles

T Rate at which vaccinated population 0.003 Estimated
becomes infected

n Rate at which vaccinated population 0.8 Estimated
becomes recovered

) Rate at which infected population 0.14286 Estimated
becomes recovered after getting vaccine

M Mortality rate of infected population due 0.125 Estimated
to measles

K Rate at which infected population makes [0.21 Estimated
environment contaminated

Oc Rate at which contaminated environment [0.81 Estimated
becomes uninfected
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Figure 3: Graphical representation of total population when Ry >1

200 T

Figure 4: Effect of varying £ on Susceptible population

contaminated environment.. In figure 8 and figure 9, we have seen the effect of varying ¢ on infected
and susceptible population. when & decreases, the rate of infected population decreases and the
rate of susceptible population increase.
In this article, we present a mathematical model to study the transmission dynamics of
measles. The human population is divided into four compartments: Susceptible, vaccinated,
infected and recovered, and another compartment is taken as contaminated environment. This
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work analyzedmathematical model to study the transmission and recovery dynamics of measles

— with contaminated environment
without contaminated environmen

Time

infection using Figure 5: Effect of varying S on Vaccinated population

400 T

350

0 1 2 3 4 5 6 7 8 9 10

Figure 6: Effect of varying £ on Infected population

ordinary differential equations(ODES) to discuss its boundedness and stability. In this paper we
have established the existence of non-negative solutions of the mathematical model. The basic
reproduction number, Rq is calculated and used to determine the stability of the disease free
equilibrium and the persistence of the disease.it is shown that the disease free equilibrium point
will be locally asymptotically stable when the basic reproduction number, Ry <1, otherwise
unstable. The model has unique endemic equilibrium which is locally asymptotically stable if Rq
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>1.We also have - \ » shown
stability Figure 7: Infected population with and without contamination of environment
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Figure 8: Effect of varying ¢ on infected population

of DFEP and EEP by center manifold theory and global stability by castillochavezcriterion.In

addition, numerical simulation of the model was presented and discussed.
200

—¢§=0.01
180 —§=0.001 | |
Su £=0.0001

0 1 2 3 4 5 6 7 8 9 10

Figure 9: Effect of varying & on susceptible population
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Figure 10: Contour plot of basic reproductive number RO as a function of g and ¢
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